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1

Theory

1.1 Single stretched wire system

When a wire of length L and mass per unit length µ is stretched with a tension
T between two end points, at say z = 0 and z = L, and an alternating current is
sent through the wire, it will start to vibrate in the presence of a magnetic field
due to the Lorentz force. The vibration will be strong when a normal mode of
the wire (a standing wave) is excited. This will happen when the frequency of
the applied alternating current is equal to an eigenfrequency of the wire which
depends on the wire characteristics, namely its mass per unit length µ, length
L, and tension T in the following way:

ωn =
nπ

L

√
T

µ
. (1.1)

Since the magnetic field of a quadrupole is zero on its axis and linearly increases
off the axis, a single stretched AC driven wire can be used to find the magnetic
axes of quadrupoles.

Suppose a current I(t) = I0 cos(wt) flows through the wire which is placed
at a certain x-position, that is not the magnetic axis of the quadrupole. It
”sees” a vertical magnetic field component By(z) that varies along the wire (in
z direction). Assume that the magnetic field is zero at the endpoints of the
wire, i.e. at z = 0 and z = L. This will cause a Lorentz force By(z)I0 coswt per
unit length in x direction. The equation of motion of the wire in the zx-plane
is, according to Newton’s second law,

µ
∂2x

∂t2
= T

∂2x

∂z2
− γ ∂x

∂t
+By(z)I0 coswt (1.2)

which is simply the equation of motion of a forced vibration with damping. The
driving force in this system is the Lorentz force and the damping is described
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by the term γ ∂x∂t . The vibration of a stretched wire with fixed ends at z = 0
and z = L is a standing wave which is described by

x(z, t) = f(z) cos(ωt− φ). (1.3)

The outermost position of the wire from its zero position is given by f(z). If the
wire is vibrating in one of its normal modes (ω = ωn), then f(z) = An sin nπz

L
and x(z, t) = An sin nπz

L cos(ωt−φ) where n = 1, 2, 3, ... represents the harmonic
and the number of antinodes of the standing wave in that harmonic is equal to
n. The length of the wire is half the wavelength of the first harmonic.

Any shape f(x) of the wire with fixed end points f(0) = f(L) = 0 can be
represented as

f(z) =
∑
n

An sin
(nπz
L

)
(1.4)

and a general solution for the wire position in x is then

x(z, t) =
∑
n

An sin
(nπz
L

)
cos(ωt− φ) (1.5)

where

An =
2

L

∫ L

0

f(z) sin
(nπz
L

)
dz. (1.6)

That Eq. (1.6) is true can be seen by inserting Eq. (1.4) into Eq. (1.6) and

using
∫ L
0

sin
(
nπz
L

)
sin
(
mπz
L

)
dz = 0 for n 6= m and

∫ L
0

sin2
(
nπz
L

)
dz = L/2.

The vertical magnetic field component By(z) varies along z but is zero at the
wire’s fixed endpoints at z = 0 and z = L. With this boundary condition, the
magnetic field value along z can be written as a sine Fourier series, in the same
way as was done for the amplitude of the wire position along z (Eq. (1.4)):

By(z) =
∑
n

Byn sin
(nπz
L

)
(1.7)

where

Byn =
2

L

∫ L

0

f(z) sin
(nπz
L

)
dz. (1.8)

Inserting the solution

x(z, t) =
∑
n

An sin
(nπz
L

)
cos(ωt− φ) (1.9)

into the differential equation, Eq. (1.2), and replacing By(z) by the above
Fourier sine series gives

∞∑
n=1

((
T
(nπ
L

)2
− µω2

)
cos(ωt− φ)− γω sin(ωt− φ)

)
An sin

(nπz
L

)
=

∞∑
n=1

I0 cos(ωt)Byn sin
(nπz
L

)
. (1.10)

Since the Fourier series terms are orthogonal, a relation between An and Byn
can be found:(

ω2
n − ω2

)
cos(ωt− φ)− γ

µ
ω sin(ωt− φ) =

I0Byn
µAn

cos(ωt) (1.11)
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in which T
µ

(
nπ
L

)2
has been replaced by ω2

n. This equation holds for

φ = arctan

(
(γ/µ)ω

ω2
n − ω2

)
(1.12)

and

An =
I0Byn

µ

√
(ω2
n − ω2)

2
+ ((γ/µ)ω)

2
(1.13)

and thus the solution to the equation of motion for the vibrating wire is

x(z, t) =
∑
n

I0Byn

µ

√
(ω2
n − ω2)

2
+ ((γ/µ)ω)

2
sin
(nπz
L

)
cos(ωt− φ),

φ = arctan

(
(γ/µ)ω

ω2
n − ω2

)
(1.14)

If the frequency of the alternating current through the wire is chosen to be
an eigenfrequency of the wire, ω ≈ ωn, resonance will occur and one term in the
above sum will dominate and the phase shift between the alternating current
and vibration of the wire will be π/2:

x(z, t) ≈ I0Byn
γωn

sin
(nπz
L

)
cos(ωnt− π/2) (1.15)

This means that if the wire is AC driven at a frequency ω = ω1, the wire
will vibrate in its fundamental mode, i.e. with nodes at z = 0 and z = L and
maximum displacement at z = L/2, with a phase shift of π/2 to the current. To
excite a vibration of the wire in second harmonic mode (with a node at z = L/2
and maximum displacements at z = L/4 and z = 3L/4), the wire should be AC
driven at frequency ω = ω2.

The amplitude of vibration of a wire in any harmonic mode will be largest
when Byn has its largest value. This value depends on the z-position of the
magnet along the wire. By1 is largest when the magnet is placed in the middle
of the wire, By2 is largest when the magnet is placed at a quarter of the length
of the wire and so forth. By1, By2, and higher harmonics of the magnetic field
can be determined by measuring the magnetic field of the magnet along z and
doing a Fourier analysis of the result.

The equation of motion for the vertical wire motion, for a wire placed at a
certain y-position that is not the magnetic axis of the quadrupole, is similar to
that for horizontal motion. Only an extra term due to the gravitational force
arises:

µ
∂2y

∂t2
= T

∂2y

∂z2
− γ ∂y

∂t
− µg −Bx(z)I0 coswt, (1.16)

Note the sign change of the Lorentz force with respect to the horizontal case.
The solution is given by

y(z, t) =
µg

2T
z(z−L)+

∑
n

−I0Bxn

µ

√
(ω2
n − ω2)

2
+ ((γ/µ)ω)

2
sin
(nπz
L

)
cos(ωt−φ),

φ = arctan

(
−(γ/µ)ω

ω2
n − ω2

)
(1.17)

7



The wire sag s is given by the minimum value of yg(z, t) = µg
2T z(z−L) which is

at z = L/2 when dyg/dz = 0:

s =
µgL2

8T
=

g

32f21
(1.18)

In practice, to find the magnetic axis of a quadrupole using a single stretched
wire system, regardless of the detection method, the wire vibration should be
excited in second harmonic mode (n = 2) (or higher even number of resonance
mode) in order to be insensitive to the earth or any other static magnetic field.
The magnetic axis of a quadrupole is found when the amplitudes of vibration
in horizontal and vertical plane are zero since Byn and Bxn are zero on the
magnetic axis. Off the axis By varies linearly with x and Bx varies linearly
with y. Therefore, at the position (x0, y0) that defines the magnetic axis along
z, a phase change π of the resonance vibration occurs since the magnetic field
components change sign.

To find the quadrupole’s pitch and yaw, the quadrupole should be positioned
exactly at a node of a resonance vibration of the wire. When exciting the wire
in second harmonic mode, the quadrupole should therefore be positioned at half
the length of the wire. However, since the quadrupole should be centered at a
quarter length of the wire when finding the magnetic axis (in second harmonic
mode), it might be more convenient to change frequency from f2 to f4 while
keeping the quadrupole at its position at a quarter length than to move the
quadrupole to half the length of the wire keeping the frequency at f2.

1.2 Detection system

If the vibration of the AC driven wire in a quadrupole magnetic field can be
detected somehow, this method becomes very useful to find the magnetic axis of
the quadrupole. A standard way to detect the vibration is optically using a laser
and diode [1],[2]. At PSI a detection system based on this idea is being tested.
Also a new indirect detection system based on induction has been developed in
PSI and is currently under investigation and its theory will no be explained.

1.2.1 Inductive detection system

In this system the magnetic field from the current carrying wire is detected
with a pick-up coil, see Figure 1.1 for a schematic drawing. A DC driven wire
generates a magnetic field around the wire which value at a distance r from the
wire is given by

Bϕ =
µ0I

2πr
. (1.19)

For an AC driven wire the field value at distance r from the wire is

Bϕ(t) =
µ0I0
2πr

cos(ωt). (1.20)

The magnetic flux induced by an AC driven wire through a pick-up coil of length
Lz along the wire and width Lr at distance r from the wire is then

Φ =

∫
Bϕds = Lz

∫ r+Lr

r

Bϕdr =
µ0I0Lz

2π
cos(ωt) ln

(
1 +

Lr
r

)
(1.21)
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Figure 1.1: Inductive detection of wire vibration with pick-up coil.

If the same wire is now vibrating in the zx-plane due to a vertical magnetic field
according to Eq. (1.17), the induced flux in the pick-up coil can be approximated
by

Φ =
µ0I0Lz

2π
cos(ωt) ln

(
1 +

Lr
r − x(zc, t)

)
(1.22)

with x(z, t) from Eq. (1.17) taken to be the z-value at the center of the coil,
x(z, t) = x(zc, t). The flux is taken to be constant along the coil in the z-
direction. For a vibration in the second harmonic mode, this equation becomes

Φ =
µ0I0Lz

2π
cos(ω2t) ln

(
1 +

Lr
r − xm cos(ω2t− π/2)

)
(1.23)

where xm ≡
I0By2 sin( 2πzc

L )
γω2

. The induced voltage on the coil is then

U = −N dΦ

dt
=
µ0I0LzNω2

2π

[
ln

(
1 +

Lr
r − xm cos(ω2t− φ)

)
sin(ω2t)

+
Lrxm cos(ω2t) sin(ω2t− φ)

(−r + xm cos(ω2t− φ))(Lr + r − xm cos(ω2t− φ))

]
(1.24)

with N the number of windings of the coil. Note that for x(z, t) = 0, i.e. no
vibration, the induced voltage in the coil becomes

U =
µ0I0LzNω2

2π

[
ln

(
1 +

Lr
r

)
sin(ω2t)

]
(1.25)

which is coming solely from the flux change in the coil due to the alternating
current in the wire. Since this term is not of interest for a vibration detection
system, and since the term is much larger than the term that arises due to the
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vibration, it is beneficial to cancel out the term by placing a second pick-up
coil in the zx-plane on the other side of the wire, opposite to the first pick-up
coil and connecting them in such way that the induced voltages are subtracted
when both signals are added. This has the additional advantage that the induced
signal from the vibration adds up and gives a stronger total signal than in the
case where one coil is used. When the wire is in the center of the two coils and
in the magnetic axis of the quadrupole (no vibration) the subtracted induced
voltages on both coils, the total signal, is zero. When the wire is in the center of
the two coils but not on the magnetic axis of the quadrupole, the wire vibrates
and the subtracted induced voltages on both coils, the total signal, is nonzero
and the signal is due to solely the vibration of the wire. For a wire vibrating in
its second harmonic mode, this total signal is

Φ1 − Φ2 =
I0Lzµ0

2π

[
ln

(
1 +

Lr
r − xm cos(ω2t− φ)

)
−

ln

(
1 +

Lr
r + xm cos(ω2t− φ)

)]
(1.26)

and therefore,

U1 − U2 =
I0Lzµ0Nω2

2π

[(
ln

(
1 +

Lr
r − xm cos(ω2t− φ)

)
−

ln

(
1 +

Lr
r + xm cos(ω2t− φ)

))
sin(ω2t)

−
2Lrxm cos(ω2t)

(
r(Lr + 1) + x2m cos2(ω2t− φ)

)
(r2 − x2m cos2(ω2t− φ))((Lr + r)2 − x2m cos2(ω2t− φ))

]
(1.27)

0.001 0.002 0.003 0.004
t

-0.0004

-0.0002

0.0002

0.0004

V

Figure 1.2: Induced voltage difference between two pick-up coils for stretched
wire vibration in the second harmonic mode.
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From Eq. (1.23) it becomes apparent that the induced flux, and therefore the
induced voltage on the coil, due to the vibration of the wire produces a signal
with twice the frequency of the alternating current. This follows intuitively from
the fact that the induced flux and voltage from the vibrating wire is the result
of the flux change in the coil induced by the alternating current at ω through
the wire and the change of this flux change through the coil by the vibration of
the wire, which vibrates at the same frequency ω as the current. Figure 1.2 is a
plot of Eq. (1.27), i.e. vibration in the second harmonic mode, calculated with
the following chosen parameters:

I0 = 0.075 A (AC current amplitude through the wire)
Lz = 0.05 m (length of coil along z)
Lr = 0.02 m (width of coil along x)
r = 0.01 m (distance wire-coil at rest)
xm = 0.001 m (amplitude of vibration)
µ0 = 4π · 10−7 Tm/A (vacuum permeability constant)
ω2 = 2πf2
f2 = 250 Hz (second harmonic frequency of the wire)

The plot is over one period of vibration in the second harmonic mode. The fre-
quency of the alternating current and thus the frequency of vibration is taken to
be f2 = 250 Hz. It can be seen from the plot that the voltage from the pick-up
coil oscillates at twice this frequency.
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2

Materials and Methods

A prototype single stretched wire system for quadrupole axis determination has
been setup at PSI and is shown in Figure 2.1. A copper beryllium wire has
been tightened between two fixed brass pieces. The wire passes through the
(shielded) pick-up coil and the QFB quadrupole. The QFB quadrupole is sup-
plied by a 10 A current from a power supply (not visible on this photo). The
wire is AC driven with an output signal supplied from the lock-in amplifier. The
pick-up coil is connected by four coax cables to the lock-in amplifier to record
the signal in differential mode for both axes. All components in the setup will
now be described separately.

Wire
The wire used in the prototype test setup was a 120µm copper beryllium wire
stretched between two brass pieces a distance of approximately 110 cm apart.
The wire in this test setup was fixed but motorized stages have been ordered
(Newport) for wire positioning. With these stages the wire will be moved to
find the quadrupole magnetic axis while the quadrupole itself stays fixed. To
find the quadrupole’s pitch and yaw either the magnet will be moved or the wire
will be moved using the Phase Locked Loop (PLL) of the lock-in amplifier. The
tension of the wire, as well as its mass have not been measured so far since it is
of little interest for the to be described test experiments. The resistance of the
wire has been measured to be 8 Ω. The wire is AC driven by an output signal
from the lock-in amplifier. The maximum current supply from the lock-in is
80 mA and its internal resistance is 50 Ω. The amplitude of the output voltage
was chosen to be 4.35 V which results in a current amplitude through the wire
of

I0 =
V0
R

=
4.35

50 + 8
= 75 mA. (2.1)

The alternating current is supplied at a frequency that is equal to the second
harmonic frequency of the wire, inducing a resonance vibration at the same
frequency. The current is supplied by a red ”Laborkabel” from the lock-in to
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Figure 2.1: Prototype single stretched wire system for quadrupole axis determi-
nation.

the closest end of the wire (left side on the photo, Figure 2.1). The return path
is by a blue ”Laborkabel” from the other end of the wire back to the lock-in.
The return path has been split in two ”half-current” paths for reasons explained
below.

During test measurements it turned out that the vibration of the wire is
very sensitive to the environment. Open doors of the measurement hutch and
the entrance door to WMHA and walking in the vicinity of the setup during
measurement had a big effect on the signal. It is not yet understood whether the
temperature change or the air movement has the bigger effect. Current plans
for the future measurement setup include a new closed measuring area next to
the current measurement lab. The lock-in and laptop will be placed outside the
new measurement area and the wire system will therefore be controlled from
outside to avoid air movement (or temperature change from body heat of oper-
ator) as much as possible. The only heat source in the hutch will be from the
quadrupole. The FARO arm in the hutch which will be used for position detec-
tion after measurement but is not a heat source during measurement. Whether
air stability or a constant hutch temperature is crucial for a stable signal is not
clear yet and will break the decision of whether or not to install air condition
which could ensure a nearly constant room temperature but perfectly constant
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Figure 2.2: Pick-up coil detector.

air movement is practically unachievable.

Pick-up coil
The pick-up coil is shown in Figure 2.1 with aluminium plates around it that
were supposed to act as a shield. A photo of the ”unshielded” pick-up coil is
shown in Figure 2.2. The pick-up coil is placed on a stage that can be moved
horizontally and vertically to position it with respect to the wire. The pick-up
coil consists of four coils, a pair in the horizontal plane and another in the ver-
tical plane. Each coil has 3000 windings and is connected in such a way that
the induced voltage on the two coils in a pair have the same sign. The center
of the pick-up coil unit is placed at approximately z = L/4.

Quadrupole and power supply
The quadrupole used in the test setup is the QFB quadrupole, see Figure 2.3.
It is supplied by 10 A direct current from a Delta Elektronika SM6020 power
supply. At 10 A the QFB quadrupole has a strength of 0.185 T and an effective
length of roughly 110 mm. The effective length is estimated by its iron length
Liron and the distance d between the poles, resulting in an effective length of
Leff = Liron + 0.7d = 80 + 0.7 · 45 = 110 mm. This quadrupole is a factor 16
weaker than the eventually to be measured FEL quadrupoles. The center of the
quadrupole is placed at a distance approximately a three quarters of the length
of the wire (from the left side of the wire in Figure 2.1)to induce a maximum
amplitude of vibration in the second harmonic mode.

Lock-in amplifier
The lock-in amplifier is a Zurich Instruments HF2LI device. The two pairs of
the pick-up coil are connected by four cables to the two input channels of the
lock-in. Each channel takes the difference of the two signals from a pair of coils.
Since the coils are connected in such a way that the induced voltages on the
two coils in a pair have the same sign, the difference of the two signals will be
zero when the wire is at rest. The lock-in can lock the signal to the frequency
(or a multiple of this frequency) of the reference signal (which in this case is the
internal signal). The wire shall be driven at a frequency equal to the second
harmonic mode of the wire, f = f2. The lock-in will be set to lock to this fre-
quency (to measure position of the wire) and twice this frequency (to measure
vibration of the wire). This will be done for the output signal of both the hori-
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Figure 2.3: QFB quadrupole.

zontal (connected to channel 1) and vertical pairs of coils (connected to channel
2). The lock-in has six demodulators, three for each channel. Demodulators 1
and 2 will be used to measure the x vibration and position of the wire relative
to the center of the pick-up coil (input channel 1), demodulators 4 and 5 will be
used to measure the y vibration and position of the wire relative to the center
of the pick-up coil (input channel 2).

The lock-in amplifier’s PLL might be useful when finding a quadrupole’s
pitch and yaw. If the wire is moved diagonally it will be stretched which changes
its resonance frequency. The PLL of the lock-in amplifier locks to the phase of
the signal once it is found and the lock-in can adjust for a change in the resonance
frequency to a certain extent. The method is yet to be explored in detail but if
it works as the theory states, it will be very useful since it prevents moving the
quadrupole when finding its pitch and yaw.

As described above, the lock-in can act as a current generator and it is used
to supply the current to the wire. The frequency of the alternating current is
increased until base resonance frequency is found, which is when the maximum
signal from the pick-up coil is found and a phase of the signal is ±90. The
frequency of the alternating current supply is then set to twice this frequency.

Current path
During test measurements it became clear that current through the return path
(blue ”Laborkabel”) from the wire induces a magnetic field which is added to
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both coils in the pair so that the induced signal cannot be canceled out. To
eliminate this field the return path has been split into two ”half-current” paths.
Each return cable has a magnetic field around it but if the cables are placed
symmetrically on opposite sides of the pick-up coil so that each pick-up coil in
a pair sees half the flux from this field, the induced voltage is canceled out due
to the way the coils are connected. The forward path (red ”Laborkabel”) and
return path come together at the lock-in amplifier and are twisted.
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3

Results and Discussion

3.1 Measurement results from inductive detec-
tion system

The pick-up coil detection system has been tested with the QFB quadrupole
supplied by 10 A and placed at approximately 3/4L. The wire was AC driven
with 75 mA generated by the internal oscillator of the lock-in amplifier (output
signal 4.35 V). The pick-up coil was placed at approximately 1/4L and was
positioned in such a way that the wire was in the center of the horizontal and
vertical pairs of coils. This was done by moving the stage, on which the pick-
up coil was placed, horizontally and vertically until the amplitude difference
of the induced voltages on each pair of coils, the input signals to the lock-in
amplifier in differential mode, had its minimum value. The starting position
of the wire in the quadrupole was off axis and the frequency of the current in
the wire was increased until the wire started vibrating and the base resonance
frequency was found when the second harmonic of the input signal to the lock-
in amplifier from the horizontal pair of coils was at or near maximum and the
phase was, depending on the wire position in the quadrupole aperture, ± 90 deg.
The frequency of the current was then doubled to induce wire vibration in the
second harmonic and tweaked to maximum amplitude and phase ± 90 deg. The
quadrupole, placed on a rail, was moved by hand in horizontal direction to find
roughly the magnetic axis in x (when the second harmonic of the input signal
to the lock-in from the horizontal pair of coils was at minimum). The position
on the calliper was set to zero and afterwards the quadrupole was moved in
x by 1 mm. From that point the first and second harmonic (for position and
vibration of the wire) of both input signals (for two pairs of coils) to the lock-in
were recorded for a few seconds. Then the quadrupole and calliper were moved
0.1 mm by hand with respect to the wire, bringing it towards the magnetic
axis. Coming closer to the magnetic axis the step size was decreased to 0.05 mm
and subsequently to 0.01 mm (10µm). The error in x-position from reading
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the position values with the calliper was 0.005 mm since it displays values in
millimeter up to two decimals. The data of the analysis of the 2000 sampling
values at each x-position for all below described measurement results is listed
in Appendix A.

3.1.1 28.03.2011 at 20:43-21:39

The resonance frequency of wire vibration in second harmonic was found to
be f2 = 188.27 Hz. Figure 3.1 displays the average amplitude (rms) of 2000
sampling values of the second harmonic of the signal from the horizontal pick-
up coil pair (in differential mode) recorded at each x position of the quadrupole
with position error 0.005 mm and errors in the signal values from the minimum
and maximum recorded value in the series. Note that the wire vibrates in
second harmonic mode, f = f2 = 188.27 Hz and the recorded values are the
second harmonic of the signal from the pick-up coil, i.e. amplitude (rms) values
at a lock-in frequency 2×188.27 = 376.54, which are due solely to the vibration
(not position) of the wire within the coil pairs. The average phase values (from
2000 recorded sampling values) of the second harmonic of the signal from the
horizontal pick-up coil pair in differential mode are displayed in Figure 3.2.
The linear behaviour of the amplitude with x-position and the phase change
around the minimum of this amplitude are as predicted from the theory since the
amplitude increases linearly with magnetic field which for quadrupoles increases
linearly along x or y off the magnetic axis. The phase change in the signal is
due to the sign change of the magnetic field in the magnetic axis. Figure 3.3
is the same as Figure 3.1 but only the values at −0.15 ≤ x ≤ 0.15 are shown.
From this figure it can be deduced that the magnetic axis of the quadrupole
is found to within less than 10µm. By making a linear least square fit of the
data, the slope of the graph is found to be approximately 70µV/mm which can
be described as the sensitivity S of the method, see Figure 3.4. Note that the
measured x-positions are taken to be to be true values. However, the slope of the
graph would not change much when taking the position error into account and
therefore, the value gives a good indication of the performance of the system.
The resolution of the method can be described as twice the rms-error divided
by the sensitivity which assures that most measured nearest point amplitudes
do not overlap. The rms-error of the amplitudes (rms) at −0.15 ≤ x ≤ 0.15
is shown in Figure 3.5 and it can be seen that for most points the rms-error is
below 0.15µV. Taking this as the overal rms-error, an estimate of the spatial
resolution of the pick-up coil detector is 2×0.15

70 ≈ 0.005 mm = 5µm. The
average amplitude (rms) of 2000 sampling values of the second harmonic of
the signal from the vertical pick-up coil pair (in differential mode) recorded at
each x position is displayed in Figure 3.6 and is constant as expected since the
quadrupole’s position in y is constant.
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Figure 3.1: Average amplitude (rms) of the second harmonic of the differential
signal from the horizontal coil pair.
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Figure 3.2: Average phase (rms) of the second harmonic of the differential signal
from the horizontal coil pair.
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Figure 3.3: Average amplitude (rms) near the magnetic axis.
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Figure 3.4: Linear least square fit of the data.
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Figure 3.5: rms-error.
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Figure 3.6: yamp.
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3.2 Measurement results from optical detection
system

The optical detection system has been tested with the QFB quadrupole sup-
plied by 10 A and placed at approximately 3/4L. The wire was AC driven with
75 mA generated by the internal oscillator of the lock-in amplifier (output signal
4.35 V). The laser-diode pairs were placed at approximately 1/4L. The posi-
tioning of the wire with respect to laser and diode is much less straightforeward
than for the pick-up coil system. A relatively easy method explained by T.
Schmidt has been applied where first the maximum signal (amplified) is found
without the wire by changing the laser position relative to the diode and then
the laser is moved in x until the signal is half of this maximum signal which
results in a shape of the sensitive area in which the wire can easily be placed
on the signals slope. Then the wire is placed in the laser beam by moving the
laser-diode system by hand. The intitial position of the wire is off the magnetic
axis (induced vibration) and the laser-diode system is moved until a sinusoidal
signal is displayed by the oscilloscope of the lock-in amplifier. The resonance
second harmonic frequency was found in the same way as for the pick-up coil
except that a phase shift induced by the 10 Hz filter of the pre-amplifier has to
be taken into account when considering the ± 90 deg phase shift of the vibration
with respect to the current in resonance. As was done in the measurements with
the pick-up coil, the quadrupole was moved by hand in horizontal direction to
find roughly the magnetic axis in x (when the first harmonic of the input signal
to the lock-in from the vertical laser-diode pair (horizontal vibration detection)
was at minimum). The position on the calliper was set to zero and afterwards
the quadrupole was moved in x by 1 mm. From that point the first harmonic
(for vibration of the wire) of both input signals (for two laser-diode pairs) to
the lock-in were recorded for a few seconds. As in the measurements with the
pick-up coil, the quadrupole and calliper were moved by hand with respect to
the wire, and the lock-in signal was recorded. The data of the analysis of the
2000 sampling values at each x-position for all below described measurement
results is listed in Appendix B.

3.2.1 13.04.2011 at 15:50-17:02

The resonance frequency of wire vibration in second harmonic was found to be
f2 = 216.1 Hz. The pre-amplifier settings were: 105 amplification (x-vibration)
and 107 amplification (y-vibration), AC coupling, and 10 Hz filter. With respect
to the measurement carried out on 08.04.2011, new batteries were placed in the
diode for x-vibration detection but not in the diode for y-vibration detection.
After placing the new batteries there was still a drift in the signal. However,
the signal with the new batteries was much higher and the amplification had
to be reduced from 108 to 105 not to have an overflow. A new wire has been
stretched after the measurements from 08.04.2011.

Figure 3.7 displays the average amplitude (rms) of 2000 sampling values of
the second harmonic of the signal from the vertical laser-diode pair recorded at
each x position of the quadrupole with position error 0.005 mm and errors in
the signal values from the minimum and maximum recorded value in the series.
The average phase values (from 2000 recorded sampling values) of the second
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harmonic of the signal from the horizontal pick-up coil pair in differential mode
are displayed in Figure 3.8. The figure shows linear behaviour of the amplitude
with x-position except for the points furthest from the magnetic axis. This
unexpected non-linear behaviour might be due to too strong vibrations of the
wire which amplitude exceed the width of the sensitive area of the laser-diode
system. Figure 3.9 is the same as Figure ?? but only the values at −0.15 ≤ x ≤
0.15 are shown. From this figure it can be deduced that the magnetic axis of the
quadrupole is found to within less than 10µm. By making a linear least square
fit of the data, the slope of the graph is found to be approximately 80µV/mm
which can be described as the sensitivity S of the method, see Figure 3.10.
Note that the measured x-positions are taken to be to be true values. However,
the slope of the graph would not change much when taking the position error
into account and therefore, the value gives a good indication of the performance
of the system. The resolution of the method can be described as twice the
rms-error divided by the sensitivity which assures that most measured nearest
point amplitudes do not overlap. The rms-error of the amplitudes (rms) at
−0.15 ≤ x ≤ 0.15 is shown in Figure 3.11 and it can be seen that for most points
the rms-error is below 100µV. Taking this as the overal rms-error, an estimate
of the spatial resolution of the laser-diode detector is 2×100

80 ≈ 0.003 mm = 3µm.
The average amplitude (rms) of 2000 sampling values of the first harmonic of
the signal from the horizontal laser-diode pair recorded at each x position is
displayed in Figure 3.12 and is constant as expected since the quadrupole’s
position in y is constant.
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Figure 3.7: Average amplitude (rms) of the second harmonic of the differential
signal from the horizontal coil pair.
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Figure 3.8: Average phase (rms) of the second harmonic of the differential signal
from the horizontal coil pair.
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Figure 3.9: Average amplitude (rms) near the magnetic axis.
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Figure 3.10: Linear least square fit of the data.
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Figure 3.11: rms-error.
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APPENDIX A

Analyzed measurement data from inductive detection
system

The following tables list the analysis of 2000 sampling values of the lock-in
amplifier for all measurements performed with the inductive detection system:
magnet position along x, average amplitude (rms), standard deviation, mini-
mum value, maximum value, and phase, standard deviation, minimum value,
maximum value. The setting for each measurement are listed below.

28.03.2011
Wire current: 75 mA
Magnet: QFB 10 A
Second harmonic frequency of the vibrating wire: f2 = 188.27 Hz
Comments: no phase equalization of demodulators of lock-in (measured phase
y-vibration of wire random)
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A.1 28.03.2011 at 20:43-21:39

x (mm) Uavg (µV) RMS −∆ +∆
1.00 73.06 0.80 1.62 1.15
0.90 65.42 0.43 0.80 0.94
0.80 59.49 0.30 0.68 0.41
0.70 49.85 1.06 1.59 1.55
0.60 43.68 0.57 1.19 0.74
0.50 36.68 0.23 0.48 0.48
0.40 29.34 0.48 0.75 0.95
0.35 26.04 0.35 0.68 0.46
0.30 22.92 0.15 0.44 0.38
0.25 18.00 0.24 0.51 0.43
0.20 14.66 0.32 0.49 0.76
0.15 10.88 0.32 0.54 0.47
0.13 10.01 0.16 0.44 0.25
0.11 8.17 0.14 0.23 0.36
0.09 5.83 0.16 0.39 0.28
0.07 5.04 0.15 0.36 0.31
0.05 3.74 0.11 0.28 0.26
0.04 2.93 0.10 0.33 0.28
0.03 2.23 0.17 0.37 0.40
0.02 1.38 0.12 0.26 0.29
0.01 0.94 0.13 0.28 0.26
0.00 0.55 0.09 0.22 0.22
-0.01 0.85 0.10 0.21 0.27
-0.02 1.53 0.10 0.23 0.25
-0.03 2.21 0.11 0.28 0.31
-0.04 2.52 0.10 0.22 0.29
-0.05 3.61 0.10 0.26 0.37
-0.07 4.64 0.11 0.24 0.23
-0.09 6.18 0.14 0.29 0.30
-0.11 8.37 0.13 0.32 0.26
-0.13 9.20 0.11 0.33 0.31
-0.15 10.27 0.09 0.20 0.26
-0.20 14.03 0.15 0.33 0.31
-0.25 18.22 0.34 1.11 0.46
-0.30 22.27 0.09 0.20 0.26
-0.35 24.61 0.39 0.67 0.59
-0.40 29.06 0.46 1.38 0.58
-0.50 36.66 0.38 0.87 0.58
-0.60 43.39 0.38 0.57 0.77
-0.70 51.39 0.26 0.56 0.64
-0.80 58.99 0.49 0.99 0.62
-0.90 65.85 0.94 1.75 0.94
-1.00 73.15 0.62 1.75 0.87

Table A.1: Data from horizontal coil pair, horizontal wire vibration detetion.
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x (mm) Uavg (µV) RMS −∆ +∆
1.00 58.85 0.40 0.79 0.62
0.90 59.40 0.20 0.47 0.60
0.80 59.79 0.34 0.69 0.54
0.70 59.46 0.64 1.21 0.87
0.60 60.30 0.34 0.73 0.54
0.50 60.54 0.14 0.24 0.32
0.40 60.23 0.43 0.88 0.76
0.35 60.59 0.30 0.80 0.42
0.30 60.85 0.12 0.21 0.30
0.25 59.91 0.38 0.60 0.66
0.20 60.33 0.39 0.69 0.70
0.15 60.65 0.31 0.77 0.46
0.13 60.82 0.18 0.64 0.38
0.11 60.22 0.30 0.60 0.55
0.09 58.53 0.63 1.25 0.85
0.07 60.28 0.50 1.14 0.69
0.05 60.71 0.25 0.60 0.59
0.04 60.16 0.46 1.97 0.40
0.03 60.20 0.71 1.21 0.88
0.02 59.68 0.64 1.25 1.02
0.01 59.84 0.94 1.88 1.23
0.00 60.09 0.32 0.85 0.43
-0.01 59.59 0.20 0.42 0.48
-0.02 59.58 0.68 1.67 0.99
-0.03 59.71 0.57 1.16 0.94
-0.04 60.39 0.50 0.92 0.79
-0.05 59.15 0.59 1.18 1.06
-0.07 59.52 0.29 0.56 0.66
-0.09 59.74 0.82 1.73 1.04
-0.11 60.79 0.20 0.43 0.37
-0.13 60.79 0.29 0.69 0.44
-0.15 60.92 0.21 0.89 0.33
-0.20 60.43 0.39 0.70 0.72
-0.25 60.55 0.69 2.25 0.71
-0.30 60.00 0.65 1.11 0.93
-0.35 59.28 0.65 1.11 0.99
-0.40 60.18 0.67 1.09 1.19
-0.50 60.30 0.34 0.78 0.76
-0.60 60.22 0.22 0.40 0.54
-0.70 60.25 0.19 0.61 0.34
-0.80 60.02 0.16 0.36 0.31
-0.90 59.68 0.28 0.68 0.36
-1.00 59.38 0.25 0.77 0.45

Table A.2: Data from vertical coil pair, vertical wire vibration detetion.

30



APPENDIX B

Analyzed measurement data from optical detection system

The following tables list the analysis of 2000 sampling values of the lock-in
amplifier for all measurements performed with the optical detection system:
magnet position along x, average amplitude (rms), standard deviation, mini-
mum value, maximum value, and phase, standard deviation, minimum value,
maximum value. The setting for each measurement are listed below.

08.04.2011
Wire current: 75 mA
Magnet: QFB 10 A
Second harmonic frequency of the vibrating wire: f2 = 215.2 Hz
Pre-amplifier settings: 108 amplification (x-vibration) and 108 amplification (y-
vibration), DC coupling, 10 Hz filter
Comments: old nearly empty batteries in both diodes, no phase equalization of
demodulators of lock-in (measured phase y-vibration of wire random), new wire
with respect to 28.03.2011

13.04.2011
Wire current: 75 mA
Magnet: QFB 10 A
Second harmonic frequency of the vibrating wire: f2 = 216.1 Hz
Pre-amplifier settings: 105 amplification (x-vibration) and 107 amplification (y-
vibration), AC coupling, 10 Hz filter
Comments: new batteries in diode for x-vibration detection, no phase equaliza-
tion of demodulators of lock-in (measured phase y-vibration of wire random),
new wire with respect to 08.04.2011
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B.1 08.04.2011 at 15:50-17:02

x (mm) Urms (µV) RMS −∆ +∆ φavg (deg) RMS −∆ +∆
1.00 38807.20 105.07 254.42 101.94 88.0 1.1 2.3 2.9
0.90 34078.57 172.16 380.22 185.52 98.7 0.8 1.3 1.8
0.80 28723.58 113.02 339.22 119.18 104.6 0.9 0.9 2.2
0.70 24572.43 183.24 198.58 384.49 110.5 0.8 2.4 1.0
0.60 21610.53 262.28 393.80 349.35 111.3 1.6 2.4 2.7
0.50 19722.40 97.97 259.39 107.18 103.3 1.5 1.6 3.1
0.40 15343.37 22.64 44.44 54.76 111.0 0.2 0.5 0.3
0.35 14294.07 57.74 162.08 71.03 105.3 1.1 1.1 3.7
0.30 11263.18 59.58 92.94 92.81 116.5 0.5 0.9 1.0
0.25 9166.10 103.89 137.75 202.90 117.7 1.3 2.2 1.7
0.20 7285.27 175.49 457.08 259.37 119.1 1.4 2.3 3.7
0.15 5771.53 17.49 43.13 25.47 113.0 0.3 0.5 1.1
0.13 4827.72 75.77 106.52 125.14 114.6 1.2 1.6 2.1
0.11 4166.84 171.74 264.09 240.40 117.8 3.0 4.1 5.1
0.09 3406.39 185.89 268.31 287.38 115.3 4.6 7.1 7.5
0.07 2923.52 43.05 53.07 78.13 116.3 0.8 1.5 1.0
0.05 2033.80 64.17 75.72 150.83 117.9 3.3 5.7 4.2
0.04 1937.03 38.21 60.63 75.29 109.9 1.3 2.0 2.0
0.03 1469.87 37.05 54.87 81.55 115.1 2.4 3.7 2.5
0.02 1218.26 39.60 72.14 53.31 109.4 3.0 4.4 6.2
0.01 848.92 19.28 61.73 20.77 102.7 1.4 3.0 3.5
0.00 427.99 12.29 42.78 21.22 99.0 1.7 2.7 3.0
-0.01 274.56 17.73 39.50 22.73 80.6 2.0 3.1 5.1
-0.02 462.53 11.31 19.81 18.84 -44.3 1.6 2.2 3.5
-0.03 649.86 19.05 23.29 37.98 -48.2 1.1 2.1 1.5
-0.04 1063.18 15.20 29.74 22.58 -55.4 1.0 1.9 2.2
-0.05 1441.09 10.64 26.21 27.53 -56.7 1.0 2.5 1.3
-0.07 2332.09 35.02 40.10 105.58 -56.6 1.3 4.0 1.6
-0.09 3093.76 83.40 82.57 178.72 -62.1 3.0 5.2 2.9
-0.11 3860.90 123.54 291.57 132.78 -62.6 2.0 2.9 5.4
-0.13 4871.51 39.53 67.39 66.07 -64.8 0.7 1.5 1.1
-0.15 5393.55 176.46 342.28 177.71 -58.4 2.8 3.8 4.6
-0.20 7373.32 77.57 133.10 121.08 -61.0 1.5 2.1 2.3
-0.25 8689.65 134.96 206.93 249.58 -56.5 1.5 2.7 2.3
-0.30 10424.70 215.50 263.38 351.33 -56.8 1.9 3.2 2.2
-0.35 12016.29 195.09 162.92 415.79 -57.3 0.9 2.6 1.0
-0.40 14437.63 438.07 612.42 584.44 -60.2 2.5 4.1 3.7
-0.50 17682.58 343.95 342.94 650.56 -60.0 1.8 3.0 2.1
-0.60 21055.12 365.17 813.42 651.37 -63.5 1.9 3.1 3.4
-0.70 26395.16 423.87 720.34 534.04 -75.2 2.5 3.9 4.7
-0.80 29763.16 57.55 186.33 123.54 -74.4 0.5 0.8 1.5
-0.90 33890.13 412.73 484.11 897.64 -77.0 1.5 3.2 2.0
-1.00 38781.07 271.96 608.98 288.92 -81.6 1.7 1.6 3.2

Table B.1: Analyzed measurement data from vertical laser-diode pair, horizontal
wire vibration detection.
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x (mm) Urms (µV) RMS −∆ +∆
1.00 16219.47 162.09 401.52 242.30
0.90 14952.48 123.75 229.03 204.77
0.80 14461.24 116.27 313.14 103.34
0.70 14070.74 131.81 131.31 358.67
0.60 14734.99 247.21 383.58 383.04
0.50 16293.22 176.22 442.53 160.66
0.40 15589.64 36.74 41.25 80.67
0.35 16578.85 114.92 348.69 136.46
0.30 14849.23 88.57 151.04 143.94
0.25 14628.80 195.06 262.13 344.50
0.20 14280.53 294.81 783.12 469.69
0.15 15347.85 57.16 155.21 68.47
0.13 15066.67 185.88 295.49 270.05
0.11 14354.75 560.59 857.75 747.07
0.09 14675.59 774.46 1117.66 1179.02
0.07 14644.96 115.22 138.86 185.86
0.05 14030.62 459.84 532.83 898.30
0.04 15364.21 211.88 322.98 285.20
0.03 14328.07 359.12 437.09 592.37
0.02 15014.98 435.58 862.02 610.56
0.01 15411.63 324.05 993.73 375.58
0.00 14621.16 271.56 412.18 529.72
-0.01 15288.28 125.83 199.44 151.51
-0.02 15162.07 197.00 273.29 299.54
-0.03 14382.50 170.56 185.79 407.52
-0.04 15102.59 169.76 441.20 183.29
-0.05 14910.99 172.95 266.69 287.39
-0.07 14428.09 151.14 168.05 498.75
-0.09 15277.32 462.42 394.41 972.53
-0.11 15306.76 476.88 1166.82 549.46
-0.13 15649.99 114.85 174.59 195.29
-0.15 14522.48 457.21 774.87 542.81
-0.20 14803.83 223.61 369.09 322.51
-0.25 13865.64 237.88 356.72 473.58
-0.30 13938.26 321.79 378.73 548.65
-0.35 14057.48 216.38 190.14 484.53
-0.40 14550.23 457.90 664.24 643.21
-0.50 14243.64 297.94 301.38 542.76
-0.60 14518.91 288.13 593.56 490.35
-0.70 15341.78 377.23 588.87 583.35
-0.80 14876.86 56.07 175.35 97.44
-0.90 14986.30 246.75 286.85 620.03
-1.00 15470.30 239.17 513.73 206.17

Table B.2: Analyzed measurement data from horizontal laser-diode pair, vertical
wire vibration detection.
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B.2 13.04.2011 at 16:46-17:53

x (mm) Urms (µV) RMS −∆ +∆ φavg (deg) RMS −∆ +∆
1.00 73.06 0.80 1.62 1.15 -95.5 6.9 8.3 10.1
0.90 65.42 0.43 0.80 0.94 -102.3 2.2 3.3 6.8
0.80 59.49 0.30 0.68 0.41 -93.2 4.5 5.9 6.4
0.70 49.85 1.06 1.59 1.55 -106.8 4.4 6.8 6.6
0.60 43.68 0.57 1.19 0.74 -101.8 3.6 7.1 5.8
0.50 36.68 0.23 0.48 0.48 -96.2 2.3 4.2 3.6
0.40 29.34 0.48 0.75 0.95 -105.1 3.8 5.3 7.6
0.35 26.04 0.35 0.68 0.46 -101.8 3.6 6.7 4.2
0.30 22.92 0.15 0.44 0.38 -100.3 1.3 2.6 2.2
0.25 18.00 0.24 0.51 0.43 -109.1 2.3 3.4 4.7
0.20 14.66 0.32 0.49 0.76 -107.4 4.0 5.5 9.0
0.15 10.88 0.32 0.54 0.47 -101.4 5.6 9.0 7.3
0.13 10.01 0.16 0.44 0.25 -102.3 2.4 5.1 4.4
0.11 8.17 0.14 0.23 0.36 -109.8 2.1 4.4 3.4
0.09 5.83 0.16 0.39 0.28 -117.4 2.4 5.1 4.7
0.07 5.04 0.15 0.36 0.31 -112.6 4.1 7.7 7.6
0.05 3.74 0.11 0.28 0.26 -111.6 2.7 8.1 4.0
0.04 2.93 0.10 0.33 0.28 -116.6 1.9 4.1 3.6
0.03 2.23 0.17 0.37 0.40 -119.6 6.4 13.5 12.5
0.02 1.38 0.12 0.26 0.29 -130.1 5.4 20.0 11.1
0.01 0.94 0.13 0.28 0.26 -143.6 10.2 25.8 19.8
0.00 0.55 0.09 0.22 0.22 78.3 147.8 258.3 101.7
-0.01 0.85 0.10 0.21 0.27 109.3 7.0 16.5 12.6
-0.02 1.53 0.10 0.23 0.25 89.8 5.9 11.6 15.4
-0.03 2.21 0.11 0.28 0.31 86.6 4.3 7.9 9.6
-0.04 2.52 0.10 0.22 0.29 87.2 4.8 11.2 9.0
-0.05 3.61 0.10 0.26 0.37 75.1 2.5 5.0 7.3
-0.07 4.64 0.11 0.24 0.23 76.8 1.6 4.0 2.9
-0.09 6.18 0.14 0.29 0.30 75.9 3.6 6.6 6.6
-0.11 8.37 0.13 0.32 0.26 82.3 2.0 4.3 3.7
-0.13 9.20 0.11 0.33 0.31 81.7 3.4 6.2 6.4
-0.15 10.27 0.09 0.20 0.26 83.1 4.3 10.6 6.9
-0.20 14.03 0.15 0.33 0.31 77.2 3.0 4.8 4.7
-0.25 18.22 0.34 1.11 0.46 77.3 5.1 12.3 5.6
-0.30 22.27 0.09 0.20 0.26 93.4 3.4 6.8 5.4
-0.35 24.61 0.39 0.67 0.59 71.1 3.3 5.1 8.2
-0.40 29.06 0.46 1.38 0.58 87.3 8.5 23.9 10.1
-0.50 36.66 0.38 0.87 0.58 77.1 2.7 4.9 4.3
-0.60 43.39 0.38 0.57 0.77 77.2 2.9 3.7 5.6
-0.70 51.39 0.26 0.56 0.64 78.2 2.0 4.5 3.4
-0.80 58.99 0.49 0.99 0.62 83.5 4.2 6.8 5.4
-0.90 65.85 0.94 1.75 0.94 79.5 4.5 7.6 4.9
-1.00 73.15 0.62 1.75 0.87 76.2 2.5 5.6 3.1

Table B.3: Analyzed measurement data from vertical laser-diode pair, horizontal
wire vibration detection.
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x (mm) Urms (µV) RMS −∆ +∆
1.00 54085.60 228.83 466.42 359.38
0.90 54789.79 37.04 124.46 29.30
0.80 52130.99 984.84 1427.98 1624.28
0.70 53369.18 391.86 774.95 621.43
0.60 53169.53 338.51 688.56 410.54
0.50 54306.62 264.81 465.06 370.88
0.40 53750.16 430.49 656.54 775.83
0.35 54212.45 161.43 179.31 344.81
0.30 53379.12 714.91 1284.64 940.52
0.25 54139.67 388.91 606.87 384.36
0.20 53996.80 546.11 1549.47 443.10
0.15 53825.21 438.77 605.83 596.72
0.13 53944.43 673.53 1748.34 487.61
0.11 53747.13 651.85 1350.09 577.47
0.09 54038.18 330.41 642.19 273.85
0.07 54111.35 140.54 230.85 163.15
0.05 54084.74 102.74 151.87 150.52
0.04 53090.18 830.00 1308.75 914.45
0.03 53918.18 256.15 369.71 283.35
0.02 52598.61 505.10 943.60 853.94
0.01 53239.72 993.88 1661.08 907.01
0.00 52944.47 387.16 602.55 812.96
-0.01 53179.39 280.12 486.37 401.55
-0.02 51939.39 1351.02 1712.75 1944.11
-0.03 53043.86 597.79 605.67 1059.88
-0.04 53352.93 395.01 710.30 657.04
-0.05 52084.87 814.69 1171.17 1401.19
-0.07 53746.89 309.95 682.28 309.97
-0.09 53478.80 62.46 208.81 60.76
-0.11 53394.23 522.10 1061.22 545.57
-0.13 51164.97 719.34 724.31 2088.79
-0.15 52097.17 1118.18 1775.70 1726.36
-0.20 51548.52 1235.93 1354.65 2362.50
-0.25 52712.73 223.43 566.55 319.86
-0.30 50388.78 1309.37 2105.31 2087.57
-0.35 52694.13 880.62 1413.20 951.36
-0.40 53057.13 278.10 795.69 383.18
-0.50 52452.86 376.78 638.29 568.95
-0.60 52514.88 670.85 1771.93 597.51
-0.70 52622.52 168.63 360.29 139.83
-0.80 50850.06 982.60 1448.89 1079.96
-0.90 49815.61 359.66 1305.45 270.68
-1.00 50234.42 495.17 716.14 741.23

Table B.4: Analyzed measurement data from horizontal laser-diode pair, vertical
wire vibration detection.
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